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1. INTRODUCTION 
Let Q be an open-bounded set of R” (n > 3) with a smooth boundary Xl. We consider the 
following autonomous strongly damped wave equation with the homogeneous Dirichlet boundary 
condition and the initial conditions: 
utt - ah - Au + h(ut) + f(u) = g(x), x E R, t > 0, (1) 
42, t) l&n = 0, t L 0, (2) 
u(x, 0) = uo(x), %(X,0) = uo1(2), x E 0, (3) 
where u = u(x, t) is a real-valued function on 1;2 x [0, +oo), c-u > 0 is called the strong damping, 
h E C1(R; R), g(x) E L’(O), f = f1+f2 E @(Rx R; R), h(u) h as a critical growth exponent like 
]u/(~+~)/(+~), and fi(u) satisfies noncritical growth condition. For CY = 0, equation (1) reduces 
an usual damped wave equation which has been studied widely [1,2]. 
The asymptotical behavior of solutions for autonomous strongly damped nonlinear wave equa- 
tions considered here when the nonlinearity f satisfies noncritical growth conditions (i.e., fi = 0) 
has been studied by many authors [3-91; of those, Ghidaglia and Marzocchi [4] proved the exis- 
tence of its global attractor and obtained an estimate of the Hausdorff dimension of attractor. 
Zhou [lo] obtained a more precise upper bound of the Hausdorff dimension of attractor. It is 
possible to see from these references that in the case with noncritical condition, the crucial step 
for proving the existence of a global attractor is that solutions of (l)-(3) starting from a bounded 
set of the phase space E = Hi (a) x L2(s2) can be decomposed into two parts, one part decays 
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exponentially and another part is uniformly bounded under the norm of a better space E, where 
the embedding E,, L) E is compact, which implies the asymptotical smoothness of the corre- 
sponding semigroup and results in the existence of a compact global attractor that is included 
in the space E,, and hence, has finite Hausdorff dimension. However, it seems to be that the 
solutions of (l)-(3) no longer have the above property if the nonlinearity f satisfies a critical 
growth condition (i.e., fi # 0), b ecause it is difficult to prove the uniform boundedness of the 
second part of solutions in the decomposition under the norm of E,. 
In this paper, we first prove the uniform boundedness of solutions (l):(3) where fi # 0 by 
introducing a new norm in the phase space (which is equivalent to the usual norm) and by 
carefully estimating the positivity of operator in the corresponding evolution equation of the first 
order in time. Second, we prove the asymptotical smoothness of the corresponding semigroup by 
decomposing the solutions into a sum of two parts, one part decaying exponentially and another 
part being bounded in a finite period of time under the norm of space E,, where the embedding 
E, L-) E is compact, and hence, we obtain the existence of a compact global attractor. 
This paper is organized as follows. In Section 2, we present the existence and uniqueness of 
solutions of (l)-(3). I n ec ion 3, we prove the dissipativeness of solutions. In Section 4, we S t’ 
prove the existence of a global attractor. 
2. EXISTENCE AND UNIQUENESS OF SOLUTIONS 
Let A = --a, D(A) = H2(s2) n II;( A . is a self-adjoint, positive linear operator with the 
eigenvalues {Xi}ie~ satisfying 0 < Xi 5 X2 5 .. . 5 A, < ..s, A, -+ +co (m -+ $-co). The 
space V,, = D(A’) (r E R) is a Hilbert space with the inner product and norm: (u,v)~, = 
(ATu,ATv), 1/z@,. = (ATu,Aru). I n ar KU ar, V-1 = H-l(R), Vo = L2(!d), VI = Hi(R), and p t’ 1 
(A1/2~, A112w) = (VU, VW), Vu, v E H:(R). The injection V,, -+ VT, is compact if r1 > ~2. Let 
E = H,(R) x L2(s2), El = H;(0) x H,1(R), en d owed with the usual inner products and norms. 
Let f(u) = fi(~) + fs(~) E C1(R x R; R), G;(u) = J: fi(r)dr, i = 1,2. In this article, we 
make the following assumptions on functions Go, fi(u), i = 1,2, and h(v): 
fl(Uh 2 0, lim infy 20, 
Izll++oO 
VUE R, (4) 
lim inf ufi (~1 - coiGi (u) > o 
14-++-= u2 -- 
coi > 0, i = 1,2, Vu E R, 
j’i(u) E C’(R,R), If;(u)1 I CI (1 + l~l~“~--~)) > cl > 0, Vu E R, (6) 
f2(u) E @U&R), I.f2(7~)I 5 c2P + IuIp), nf2 Olp<- n-2’ c2 > 0, VUER, (7) 
h(0) = 0, --d1 < 01 I h’(v) 5 P2 < fcm, Vu E R, (8) 
P2 1 I,& +min k, aX12+B1}. 
{ 
REMARK. It is always possible to choose a sufficiently large number /3s such that (9) is satisfied 
if h’(w) is upper bounded. 
In this section, we present the existence and uniqueness of solutions for system (l)-(3). We 
consider the following equivalent initial value problem in the Hilbert space E 
ir = CY + F(Y), x E R, t > 0, 
Y(0) = Y. = (u,,,u~~)~ E E, 
(10) 
where Y = (u,zu)~, w = Q, F(Y) = (0, -h(w) - f(u) + g(~))~, the linear operator C is the 
closure of 
“= (-“, -E,) 
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in the extrapolated space B of E which is the completion of the normed space (E, IlC;’ . /lE), 
and thus, D(C) = E. 
THEOR.EM 1. Consider the initial value problem (10) in the Hilbert space E. Under the con- 
ditions (d)-(9), f or any Yo E E, there exists a unique continuous function Y(.) = Y( ., YO) E 
C((0, +oo); E) such that Y(0, Yo) = Y 0 and Y(t) satisfies the integral equation 
J t Y(t, Yo) = PYo + eC(-F(Y (s)) ds. (11) 0 
Y(t, Yo) is jointly continuous in t and Yo and VT > 0, 
@w) E C((O,+4Ht(fl)) x [C((0,+4;L2(fl)) nL2 ((O,T);H@))]. (12) 
PROOF. It is directly proved from the results of [ll-131 and Lemma 2 below. 
For any t 2 0, we introduce a map 
s(t) : yo = {~O,~Ol} -+ (4% ut(t)) = Y(t, Uo), E -+ E, 03) 
where Y(t, Yo) is the solution of (lo), and then {S(t), t 2 0} is a continuous semigroup on E. 
3. DISSI.PATIVENESS OF SEMIGROUP 
In this section, we will show the existence of an absorbing set for the semigroup {S(t), t > 0} 
in the space E. For this purpose, we introduce a new weight inner product and norm in the 
Hilbert space E, 
(cp, ‘P)E = P(A~‘~uI, A1’2u2) + (~1, ~2), bilE = (VT (P)g2, (14) 
for any cp = (u~,z~I)~, (p = (~2,212)~ E E, where p is chosen as 
4 + (CA +;o,)a + @/Xl 
‘= 4+2(c~X~+~~)c~++;/X~ ’ 
Clearly, the norm 11 . II E in (14) is equivalent to the usual norm II . IIHdXL2 of E. 
Let ‘p = (u,v)~, II = ut + EU, where E is chosen as 
Ala + Pl 
& = 4 + 2(&+ &)a + /3,“/Xl’ 
05) 
(16) 
then system (10) can be written as 
‘it + H(P) = FI(cP), 40) = (%,~O1+~~O)T, t > 0, (17) 
where 
Fl(cp) = 0 
> -f(u) + g(x) ' 
H(cp) = AU - s(aA - E)U fz;::- s)v + h(v - EU) > ’ 
(18) 
Obviously, by Theorem 1, the solutions of (17) define a continuous semigroup 
Se(t) : (UO,2LOl + Euo)T -+ (u(t),%(t) +EU(qT, E-+E, t>O, (20) 
which has the relationship with S(t): Se(t) = R,S(t)R-.,, where R, : {u,v} -+ {u,z, + EU} is an 
isomorphism of E. So, we only need consider the equivalent system (17) in E. 
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LEMMA 1. (See [lo, Lemma I].) For any ‘p = (u,z))~ E El, 
where 
Ala + Pl 
lS= 
%+&FE’ 





REMARK. The second inequality of (22) is true for cp = (u, v)~ E E because El is dense in E. 
LEMMA 2. There exists a positive constant rg > 0 such that for any bounded set B of E, there 
exists To(B) > 0 such that the solution p(t) = (~(t),v(t))~ of (17) with ~(0) E B satisfies 
Ij@)llE = (&dt)/If + llv(t)/ii)1’2 5 ro, Vt 2 To(B) > 0. (23) 
PROOF. Let G(U) = J: f(r) dr = Gl(u) + Go, C(U) = s, G(u) dx. Let p(t) = (u(t), ~(t))~, 
v(t) = ut(t)+m(t), b e a solution of (17). Taking the inner product (., ‘)E of (17) with cp = (u, ZJ)~, 
we find 
f 2 [IIVIIL + 2Wl + (H(P), ‘PIE + 4f(U)YU) = b(X)> VI. 
By (4),(5), we have 
(24 
lim inf y > 0, ,Ulilil,inf uf(U) ?L;i3G(U) 2 0, - 
lul++oO 
VU 6 #(a), (25) 
where cg = min{col, ~02). Thus, there exist two positive constants kl, k2 2 0 such that 
1 
(u, f(u)) - c3G(u) + -11~11~ + k2 2 0, 
8 
vu E II;( 
G(u) + $iiq: + h 2 0, vu E II&q, 
q4 + &qi + kl > 0, vu E H(#q. 




(H(q), ‘+‘)E + &(f(U), u) 2 $‘y - &(k2 + c3kl) + aA12+ ” 112111;, t 2 0, (29) 
where p = (l/32)&0, 13 = min(1,32cs). By (24) and (29), $ Y + PY 5 (l/(h + Pd)lldl~ + 
~E(c& + IQ), and thus, 
IM~)Il~ 5 %40)e-Pt + 4 
( 
(aX1 : pI~,llsll; + 2E(c3k; + y) > t 2 0. (30) 
By (6), (7), and Young inequality, there exists a positive constant c4 such that 
If(u)/ L c4 (1+ Iu/(+/(+) , Vu E R. (31) 
For any bounded set B of E, where suplpEB II~IIE < r, if ~(0) E B, then by L2”/(“+2)(R) C 
H-‘(n) and (31), there exists cg = cg(r) such that IIA-1/2f(uo)llo 5 ~5, Vu E H,‘(R). From (26), 
there exists cc(r) such that c!?(uo) 2 cs, and thus, there exists c7 = CT(r) > 0 such that y(0) = 
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lIYJ(O)II& + qw) + 2kl I c7. Therefore, for the solution p(t) = (~(t),w(t))~ of (17) with 
$40) E B, 
Taking 
6 = 8 
1 2E(C& + k2) 
(ah+ Pl)P 
11911~ + P > 
completes the proof. 
Let Bo = ((21,~) E E : Ilu(t)ll~ + Ilv(t)I/i I T:}, then B c is a bounded absorbing set of {SE(t); 
t > 0). 
LEMMA 3. For any initial value ~(0) E Be, there exists a constant Mo = M,,(Q) such that the 
solution of (17) cp(t) = (U(t), ~(t))~ satisfies lIp(t) 5 Me, Qt 2 0, where MO = 4c7(~0) + ~-0”. 
LEMMA 4. The semigroup {SE(t), t 2 0) is point dissipative in the space E and the orbits of 
bounded sets are bounded. 
4. EXISTENCE OF COMPACT GLOBAL ATTRACTOR 
To prove the existence of a compact global attractor for the semigroup {SC(t), t 2 0}, we need 
prove the asymptotical smoothness of {Se(t), t 2 0) in E; see [5]. 
We decompose the map SE(t), t 2 0, into a sum of two operators Sl(t),S2(t). Let p(t) = 
S,(t)cp(O) be asolutionof (17) with ~(0) E Bc. Set SC(t) = Sl(t)+S2(t), i.e., p(t) = pl(t)+y2(t) 




~2,tt - aAuz,t - Au2 + h(uz,t) + f(u) - fl(u1) = g(z), 
U2(? t)lz,an = 0, 40) = zQ(O) = 0. 
LEMMA 5. There exist two positive constants MI (ro) and crl (ro) such that 
(33) 
Ih(t) I W(~~)exp(-~(ro)t), Qt > 0. (34) 
PROOF. nom (32), cpr = (~r,wr)~ satisfies 
P1,t + ffl(cpl) + Fl(cp1) = 0, (Pi(O) = (uo, uo1 + &Uo)T E Bo, t 1 0, (35) 
where 
Write Gr(ur) = J, Gr(ur) dz. Similar to Lemma 1, for any ‘pr = (~r,q)~ E E, 
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where o is as in (22). Similar to Lemmas 2 and 3, there exists a positive constant cs = Q(Q) 
such that 
llcpl(t)ll; = IlwMw2E = CLII~l(~)ll~ + II%(t) + ~w@)ll; I C8, vt>o. (37) 
From (4) and (6), If~(w)l 5 4~11 (n+2)L(n-2) + 1~11) and fr(0) = 0. Hence, for every ur E 
H:(0), by #((R) c L2”/(“-‘)(R) and (37), we have 0 5 G(w) 5 ~IO(IIW~I~~~,+~~ 2n’(n-2) + ~~ZL~~~;) < 
crr(ro)II~~II~, i.e., ~]]~I]]~ 2 (~/c11(~0))~1(~1), Vt > 0. By (4), ~(fr(~r),~r) > 0. Taking the 
inner product (., .)E of (35) with (pl = (u~,TJ~)~, we obtain 
and thus, 
vt L 0, (38) 
where or(~) = min{o, 0/2cs(ro)}. By the Gronwall inequality, we have 
lIn(t)ll% L W(r0) exp(-al(ro)t), vt 2 0, W-J) 
where Mr (TO) = $(l + 2crr(re)). The proof is completed. 
LEMMA 6. There exist Mz(r, t) E C(R:;R+) an d vo E (0, min{(n + 2 - (n - 2)p)/4,1/4}), p is 
defined by (71, such that p2(t) = S2(t)p(O) = (us(t), u2,t(t) + m2(t))T satisfies 
II’P2(t)lliI(A '+%)xD(A%) = ~IS~(t)~(o)~~~(A~+~~,).,(A~~,) 
= Avo+‘/2u2(t)ll~ + llA”(u2,t(t) + mz(t))ll; II (40) 
I442(7-o,q, vt E [O,T]. 
PROOF. By (33), qz(t) = Sz(t)cp(O) = (u2(t),w2(t))T, wz(t) = uz,t(t) + Euz(t), where uz satisfies 
the following equation with zero initial values: 
uz,tt+aAu2,t +Au2 +h(uz,t) +f(u)- fl(u1) =g(x). (41) 
Here, u = ur + uz is the solution of (l)-(3). Taking the inner product of (41) in L2(R) with 
A2vw2 = A2”(u2,t + EUZ), by p= 1 - ECX, we have 








g(z)A2”u2 da: + 
R / 
,[f2(4 +.fi(u) -flWIA2"~2~~ = 0. 
Following [1,2], we introduce the intermediate Sobolev spaces H”(R), v E (0,l) with the 
standard scalar product 
(74,2u2)v = (w,wd + ss (WI(X) - ~l(Y))(WZ(~) - 4Y)) Ix - yl3+2” dx dy. cl n (43) 
Setting 0 < v < l/4, we have H,“(a) = D(A”i2) = H”(Q). (See [1,2].) Thus, by (8) and the 
mean value theorem, we obtain that 
(-4VWv2 -~~2),A"v2) LPI IIA"~211; 
ss 
h'([2)(U2(X, t) - uz(y, t))(wz(x, t) - wz(y, t)) dxdy 
n n lx - y/3+*" > 
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Similar to the proof of Lemma 1, we have 
where CT is given in (22). From Lemmas 3 and 5, we obtain that )Iu2(t)lll and ~ju2,t(t)~~o are 
uniformly bounded for ail t 2 0; i.e., II~z(t)llr i c12(~0), JIu2,t(t)llo I c12(~0), Vt 2 0. Thus, by 
g(z) E L2(Q), 2~ < l/2, ./-n g(4A2”m dz 5 lld~)llo . IIA2Y~2(t)l10 < Q,(To), Vt > 0. We recall 
the embedding relations 
and 
H”‘(O) c H”2(R) c H-“2(R) c H-“‘(R), if vr > up, (45) 
D (Ay”) = H”(R) c Lq(f-2) c U’(R) c H-“(Q) = D (A+‘“), (46) 
where l/q = l/2 - v/n, l/q’ = 1 - l/q. Setting b E (0, (n + 2 - (n - 2)p)/4), p is defined in (7), 
then 0 < 2np/(n + 2 - 46) < 2n/(n - 2), and thus, by (46), 
5 Cl5 (J( 
(n+2-46)/2n 1+ I4 (47) 
R 
<_ c16(TO), vt 2 0. 
Let v 5 6. By (45),(47), we obtain that 
J nf2(~)A2V~2d~ I /IAV-"2f2(")(o. ((AY+l'2vzllo 
I ~17 A I/ 6-1'2f2(u)IIo. IIAv+1'2410 
i cm(~o). /~Ay+1'2,z~/o~ 
(48) 
On the other hand, by (6),(46), and the Holder inequality, we have 
II A”-1’2f;(uI + 79u2)u2 II o 
5 c19llfI(~l + 29~2)~2/1p/w--4u~ 
5 c20 (J( 1 + ~~~184(~-2)(~+2-44 n 
L c21 (J( 1+ lull n 
5 c22 1 + l/wl1~ ( 4/(n-2) + IJu2)l;/(n-2) > II Avt1/2U2 o II 
i c23('0) \IAy+l'2~21~o, 
and hence, 
A”-1’2f;(u1 + 8u2)u2 /lo. j~Av+'i24~o (4% 
< cz4(ro) 
II 
Av+1’2~2 o . Av+1’22)2 II II II o. 
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By (l/2)& < (T < E, for any t > 0, 
2 y(t)-+ ey(t) + a IIAY+‘12~211; + PI llA”v2Il: 
5 24~~). IIA”fliz~2~~~ + 2c24(7-0) llA"+'lzu2/10 )(A”+‘l”vzllu + 4EC13(7%)> 
i.e., 
; y(t) 5 C25(rO,&)y(t) + C26(TO,&), \Jt > 0, (50) 
where 
y(t) = II /lA”+‘/2~2/l; + /AVv211; - 2 J g(z)A2%2 dz + &3(To) > 0, vt > 0. (51) n 
By applying Gronwall’s inequality, we have 
(52) 
Taking 
M2(7-0,77 = 4c13(7-0)+4c13(7-0)e c25 (Tl,E)T + 
C26(TO,&) 
C25(f-O,&) 
ec2s (TO ,E)T ? v’t E P,Tl, 
completes the proof. 
As a direct consequence of [5, Lemma 3.2.6, Theorem 3.4.61, Lemmas 5 and 6, and the compact 
embedding D( A1+2vo ) x D(A2”o) -+ Hi(R) x L2(0), we have the following theorem. 
THEOREM 2. The semigroup {L&(t), t 1 0) is asymptotically smooth in E and possesses a 
compact, connected global attractor A c E. 
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